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Abstract. Locally homogeneous CR-manifolds in dimension 3 
were classified, up to local CR-equivalence, by E.Cartan. We 
classify, up to local CR-equivalence, all locally homogeneous CR- 
manifolds in dimension 4. The classification theorem enables us 
also to classify all symmetric CR-manifolds in dimension 4, up 
to local biholomorphic equivalence. We also prove that any 4- 
dimensional real Lie algebra can be realized as an algebra of affine 
vector fields in a domain in C 3 , linearly independent at each point. 



1. INTRODUCTION 

Let M be a real-analytic CR-manifold, generically embedded to the 
complex space C n+k , n = CRdimM, k = codimM. An important class 
of CR-manifolds is the class of homogeneous CR-manifolds. A CR- 
manifold M is called homogeneous, if its CR-automorphism group acts 
transitively on it. The CR-manifold M is called locally homogeneous, 
if germs of M at any two points are CR-equivalent. In other words, 
locally homogeneous CR-manifolds are that ones which are "the same 
at all points" up to local biholomorphic transformations (note that, 
due to the classical result of Tomassini [23], the local CR-equivalence is 
equivalent to the local biholomorphic equivalence in the real-analytic 
category, so we don't make a difference in these notions in what fol- 
lows). A very useful equivalent definition of local homogeneity is as 
follows (see [24] for possible equivalent definitions of local homogene- 
ity). A holomorphic vector field on M at a point p £ M is a vector 
field, which is tangent to M at each point and has the form 

2Re (f 1 ( z )^- + ... + f n+k (z)- ° 



where fj(z) are holomorphic functions in a neighborhood of p in the 
ambient space. In what follows we skip the operator 2Re (•). Holomor- 
phic vector fields at p are exactly that ones which generate a local flow 
of biholomorphic transformations at p, preserving M. These vector 
fields constitute a Lie algebra with respect to the Lie bracket of vector 
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fields, which is called the infinitesimal automorphism algebra of M at p 
and is denoted by autM p . The stability subalgebra of M at the point p 
is the subalgebra aut p M p C autM p , which consists of vector fields, van- 
ishing at p. This algebra generates the stability group (or the isotropy 
group) of M at p, which consists of biholomorphic automorphisms of 
the germ of M at p, preserving the fixed point p. An evaluation map- 
ping is the natural mapping e p : autM p — > T P M, given by the formula 
= M is called locally homogeneous at p, if the mapping e p 
is surjective (i.e. the values of vector fields from autM p at p form all 
the tangent space T P M). M now is called locally homogeneous, if it is 
locally homogeneous at all points. 

Locally homogeneous CR-manifolds in dimension 3 were classified 
by E.Cartan[9]. Any such manifold is locally CR-equivalent to one 
of the following hypersurfaces in C 2 : the hyperplane Imz 2 = (the 
case dimautpMp = oo), the hypersphere \zi\ 2 + \z 2 \ 2 = 1 (the case 
dim autpMp = 5) or one of the Cartan's homogeneous surfaces (the 
case dimautpMp = 0). Note that for a locally homogeneous CR- 
manifold we clearly have dim out M p = dimautpMp + dimM, so in 
the mentioned three cases we have dim autMp = oo, dimautMp = 8 
and dimautMp = 3 correspondingly. Cartan's classification is essen- 
tially based on the Bianki's classification of real 3-dimensional Lie alge- 
bras. Classification of locally homogeneous CR-manifolds in dimension 
5 (which is essentially the classification of locally homogeneous hyper- 
surfaces in C 3 ) is in progress. Partial results in the Levi non-degenerate 
case have been obtained by A.Loboda, who presented the desired clas- 
sification for CR-manifolds with the condition dimautpMp > 1 (see 
[IS], [IE]) and partial classification in the case dimautpMp = 1 (this 
case is to be completed soon; see pZZ] for details). Unfortunately, in 
the case dimautMp = A.Loboda's approach is unapplicable and this 
case is to be studied by different methods (see [8] for some examples 
concerned with this case). In the Levi-degenerate case the complete 
classification has been obtained by G.Fels and W.Kaup in [12] (see 
also [13]). 

In the present paper we classify all locally homogeneous CR- 
manifolds in dimension 4, i.e. we do the next step after E.Cartans 
classification. Since for a generic CR-submanifold dim M = 2n + k 
holds, from k,n > we get n = 1, k = 2 (the classification of locally 
homogeneous CR-manifolds in the case of a complex manifold (k = 0) 
and in the case of a totally real manifold (n = 0) is trivial: in the first 
case M is locally CR-equivalent to C 2 , in the second case M is locally 
CR-equivalent to a totally real 4-plane in C 4 ). So in what follows M 
is supposed to be a real-analytic locally homogeneous CR-manifold of 
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dimension 4 and codimension 2, generically embedded to the complex 
space C 3 . 

A natural example of homogeneous CR-manifolds in the case under 
consideration is as follows. Let L be an affinely homogeneous curve in 
IR 3 . Then the tube manifold M = {z G C 3 : Imz G L} is a homo- 
geneous 4-dimensional CR-manifold. The homogeneity is provided by 
the abelian group of real translations z i— > z + a, a G IR 3 , and by the 
one-dimensional affine group z i— > A(t)z + b(t), where y i— > + 
is the one-dimensional affine group, providing the homogeneity of L. 

Another important example of a homogeneous 4-dimensional CR- 
manifold is concerned with the main trichotomy for CR-manifolds 
under consideration, demonstrated by V.Beloshapka, V.Ezhov and 
G.Schmalz in [4], [5]. To formulate it, we firstly introduce the notion of 
total non-degeneracy. A 4-dimensional CR-manifold M in C 3 is called 
totally non-degenerate at a point p, if 

ifM + [T C M, T C M} P + [T C M, [T C M, T C M}] P = T p M, 

where T € M is the bundle of complex tangent planes to M; otherwise 
we call M just degenerate at p. At a generic point this non-degeneracy 
condition is equivalent to the holomorphic non- degeneracy (see [2]). 
A totally non-degenerate at each point CR-manifold M is also called 
Engel-type manifold (see [6]). As it was shown in [5], the total non- 
degeneracy condition is also equivalent to the existence of local holo- 
morphic coordinates (z 1 w 2 ,w 3 ) G C 3 , in which p is the origin and M 
is given as 

lmw 2 = \z\ 2 + 0(3), lmw 3 = 2\z\ 2 Re z + 0(4), 

where z,W2,W3 are assigned the weights 

[z] = 1, H =2,]> 3 ] = 3 

and 0(3), 0(4) are terms of weights > 3 and > 4 correspondingly. The 
manifold, for which the remainders vanish, is called the 4-dimensional 
CR-cubic (we will call it just the cubic and denote by C). The cubic 
is the main example of a homogeneous totally non-degenerate CR- 
manifold. The cubic is a particular case of a model manifold (see, 
for example, |3j) and has many remarkable properties (see [4],[5],[6j,|8j 
for details), the main one is given by the following trichotomy for a 
4-dimensional locally homogeneous CR-submanifold M in C 3 : 

(1) dim autpMp = oo, which occurs if and only if M is locally biholo- 
morphically equivalent to a direct product M 3 x M 1 , where M 3 C C 2 Z1 Z2 
is a locally homogeneous hypersurface in C 2 , IR 1 C C^ 3 is a real line 
(the totally degenerate case). 
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(2) dimauipMp = 1, which occurs if and only if M is locally biholo- 
morphically equivalent to the cubic C . 

(3) dim auipM p = for all other totally non-degenerate manifolds 
(the rigidity phenomenon). 

As it was demonstrated in [6], the cubic can be also singled out 
among totally non-degenerate surfaces as the (essentially) unique flat 
surface with respect to some special CR-curvature. 

It is seen from the above trichotomy that the homogeneity of a 4- 
dimensional totally non- degenerate CR-manifold, which is locally non- 
equivalent to the cubic, is provided by a 4- dimensional algebra of holo- 
morphic vector fields, namely by its infinitisemal automorphism al- 
gebra. It also follows from the trichotomy that a local CR-mapping 
between two ^-dimensional non-degenerate CR-manifolds, locally non- 
equivalent to the cubic, induces a local biholomorphic mappings between 
the vector field algebras, providing the homogeneity of the manifolds (see 
proposition 3.2 for details). These two observation essentially simplifies 
the desired classification, which is finally given by the following theorem 
(we use notations, associated to the cubic and denote the coordinates 
in C 3 by z, w 2 , w 3 and also set z = x + iy, Wj = Uj + ivj): 

Main Theorem. Any real-analytic 4- dimensional locally homoge- 
neous CR-submanifold M in C 3 is locally CR-equivalent to one of the 
following pairwise locally CR-inequivalent homogeneous surfaces: 

CASE 1 - dimautpMp = 00 (the degenerate case): 

(1.1) V2 = 0, v 3 = (the real plane). 

(1.2) \z\ 2 +\w 2 \ 2 = l,V3 = 0. 

(1.3) M 3 xM}, where M 3 C C 2 W2 is one of the Cartan's homogeneous 
surfaces in C 2 , IR 1 C C^ 3 is a real line. 

CASE 2 - dimautpMp = I: 

(2.1) {v 2 = \z\ 2 , t> 3 = 2\z\ 2 Rez] ~ {v 2 = y 2 , v 3 = y 3 } (the cubic). 

CASE 3 - dimauipMp = 0: 

(3.1) v 2 = xe y + -fye y , v 3 = e y , 7 G R. 

(3.2) V2 = l+ 1 lny, v 3 = ±, 7 G R. 

(3.3) v 2 = xy a + 7?/ a+1 , t> 3 = y a , \a\ > 1, a ^ 2, 7 G R. 

(3.4) v 2 = xy In y + jy 2 , v 3 = y In y, 7 G R. 

(3.5) v 2 = za/1 — y 2 + 7arcsin y, v 3 = yT — y 2 , 7 G R. 



(3.6) v 2 = xv 3 + ~f(vl + y 2 ), exp ^garctg^J = + y 2 , q > 0, 7 G R. 

(3.7) v 2 = e y , v 3 = e x+5y , 5 G R. 
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(3.8) v 2 = e x+a y cos (3y, v 3 = e x+ay sin (3y, (3 > 0, {a, (3) ^ (0, 1). 

(3.9) v 2 = e x ycosy, v 3 = e x ysmy. 

(3.10) v 2 = y a , v 3 = yP,Ka<P, (a, (5) ± (2,3). 

(3.11) v 2 = e ay , v 3 = e y ,0< \a\ < 1. 

(3.12) v 2 = chy, v 3 = shy. 

(3.13) v 2 = ylny, v 3 = y a , {0; 1}. 

(3.14) v 2 = ye y , v 3 = e y . 

(3.15) v 2 = y 2 , v 3 = e y . 

(3.16) v 2 = y\n 2 y, v 3 = y\ny. 

(3.17) v 2 = e y cos Py, v 3 = e y sin (3y, f3 > 0. 

(3.18) v 2 = y a cos((3\ny), v 3 = y a sm((3\ny), /3 > 0. 

(3.19) i>2 = cos?/, ^ = sin 

As a corollary we get the following statement. 

Theorem 1.2. Any locally homogeneous totally non-degenerate CR- 
manifold is locally CR- equivalent to an affinely homogeneous one. 

Note that the last property holds for W.Kaup's list of 2- 
nondegenerate hypersurfaces in C 3 but does not hold E.Cartans and 
A.Loboda's lists. 

Theorem 1.2 implies the following "representation-type" result. 

Theorem 1.2'. Any 4~dimensional real Lie algebra can be realized as 
an algebra of affine vector fields in a domain in C 3 , linearly independent 
at each point. 

The Main Theorem also allows us to formulate the following classi- 
fication theorem. 

Theorem 1.3. Any locally homogeneous totally non-degenerate CR- 
manifold with non-trivial stability group is locally CR-equivalent to one 
of the following pairwise locally CR-inequivalent homogeneous surfaces: 
(2.1) (the cubic), (3.2), (3.5), (3.12), (3.19). 

In the first case the stability group at the origin looks as 

z i— > Xz, w 2 I— > X 2 w 2 , w 3 i— > A 3 u> 3 , AeM* 

and thus is isomorphic to M* ; in all other cases the stability group is of 
Z 2 - type and is generated by the authomorphism 

Z I— > —Z, W 2 I— > —If 2, W 3 I— > W 3 

at the point (0,0, i) for the surfaces (3.5), by the authomorphism 
Z I— > —Z, W 2 I— > w 2 , w 3 i— > —w 3 
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at the origin for the surfaces (3.12), (3.19) and by the authomorphism 

Z H-> W 3 , W 2 H-> —W 2 + ZW 3 + 1, W 3 l-> 2 

i/je pomi (?, 0,i) /or i/ie surfaces (3.2). 

Let M be a Riemannian CR-manifold. M is called Hermitian CR- 
manifold, if the Riemannian metric is compatible with the almost com- 
plex structure J on M in the sense that ||A>|| P = \\v\\ p holds for 
each v e T^M,p e M. A Hermitian CR-manifold M is called Cft- 
symmetric, if for each point p G M there exists a CR-isometry s p of 
M, preserving the point p and such that the differential ds p , restricted 
on the subspace T^M^T^M C T p M, is minus identical. Here T p TR M 
is the totally real part of T P M, i.e. the orthogonal complement to the 
subspace, spanned by T^M and by the values at p of arbitrary order 
Lie brackets of vector fields X G TM with the condition X a G TjfM 
for each a G M (for finite type CR-manifolds, in particular for totally 
non-degenerate manifolds, the subspace T^ R M is trivial; for infinite 
type CR-manifolds it is non-trivial and the condition for ds p to be 
minus identical on Tj R M guarantees the uniqueness of the involution 
s p ). In the paper [14] some beautiful connections between symmetric 
CR-manifolds and Hermitian symmetric spaces are demonstrated (see 
also |Tj). In particular, it is proved that any symmetric CR-manifold 
is also CR-homogeneous. The cubic C is given in [14] as an example 
of a symmetric CR-manifold in dimension 4. Using theorem 3.1 and 
the Cartan's classification theorem, we obtain the classification of all 
symmetric CR-manifolds in dimension 4. 

Theorem 1.4. Any symmetric CR-manifold of dimension 4 is locally 
CR- equivalent to one of the following pairwise locally CR-inequivalent 
symmetric surfaces: 

CASE 1 - Degenerate Levi-flat manifolds: 

(l.a)v 2 = 0, v 3 = 0. 

CASE 2 - Degenerate non Levi-flat manifolds: 
(2. a) v 2 = y 2 , v 3 = 0. 
(2.b)y 2 + v 2 2 = l, v 3 = 0. 
(2.c)y 2 -v 2 = 1, ^3 = 0. 

(2.d) 1 + \z\ 2 + \w 2 \ 2 = a\l + z 2 + w 2 \, v 3 = 0, a > 1. 



\A 2 + \ w 2 2 


= a\l + z 2 


+ w 2 \ 


\z\ 2 — \w 2 \ 2 


= a\l + z 2 





(2.e) 1 + \z\ 2 - \w 2 \ 2 = a\l + z 2 - w 2 \, v 3 = 0, a > 1. 
(2.f) -1 + \z\ 2 + \w 2 \ 2 = a\ - 1 + z 2 + w 2 2 \, v 3 = Q, < \a\ < 1. 
CASE 3 - Totally non-degenerate manifolds: 
(3. a) v 2 = y 2 , v 3 = y 3 . 
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(S.b) t>2 = cosy, v 3 = siny. 
(3.c) v 2 = chy, v 3 = shy. 



The paper is organized as follows. In section 2, using the main tri- 
chotomy, we consider locally homogeneous 4-dimensional CR-manifolds 
in C 3 as orbits of the natural action of 4-dimensional Lie algebras of 
holomorphic vector fields in C 3 , and partially classify the orbits un- 
der the assumption that they are totally non-degenerate. In section 
3 we analyze the homogeneous 4-dimensional CR-submanifolds in C 3 , 
obtained in section 2, and study the local CR-equivalence relations 
among them, using the machinery of normal forms (see [10j,|6j) and 
the main trichotomy. This finally allows us to give a complete list 
of totally non-degenerate homogeneous manifolds under consideration 
and thus to prove the Main Theorem and then the theorems 1.3 and 



Remark 1.5. It follows from theorems 1.3 and 1.4 that the holomor- 
phic authomorphism groups of the homogeneous surfaces (2.1) - (3.19) 
coincide with exp(g(M)) except the cases of symmetric surfaces, when 
the authomorphism group is a semidirect product of exp(g(M)) and 
the stability group of a fixed point, described in theorem 1.3. Since in 
all cases g(M) can be easily integrated, this gives a description of the 
holomorphic authomorphism groups of the homogeneous surfaces (2.1) 



Remark 1.6. Note that, in the same way as E.Cartans, A.Loboda's, 
G.Fels and W.Kaups's lists of homogeneous CR-manifolds, our list con- 
sists of globally homogeneous surfaces, which equations are given by el- 
ementary functions. Also note that, in the same way as E.Cartans and 
G.Fels and W.Kaups's lists, (the non-degenerate part of) our list con- 
sists of one "model" object with positive-dimensional stability subalge- 
bra and "rigid" objects with trivial stability subalgebra (the "rigidity 
phenomenon"). 

Remark 1.7. The consideration of just real-analytic generically em- 
bedded CR-submanifolds in in this paper is motivated by the fact 
that a CR-manifold, admitting a local transitive action of a Lie group, 
is automatically real-analytic, and by the fact that any real-analytic 
CR-manifold can be locally generically embedded to (see [24J). 
This makes our classification results general enough to be reformulated 
for arbitrary (abstract) CR-manifolds. 

The authors would like to thank Mike Eastwood and Alex Isaev from 
the Australian National University for useful discussions. 



(S.d) v 2 
(3.e) v 2 




1.4. 



(3.19). 
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2. Homogeneous CR-manifolds and 4-dimensional Lie 
algebras of holomorphic vector fields in c 3 

In what follows M is supposed to be a real-analytic 4-dimensional 
totally non-degenerate locally homogeneous generic CR-submanifold 
in C 3 , p = (pi,P2,P3) is a fixed point on M. As it follows from 
the above discussion, the homogeneity of M is provided by some 4- 
dimensional real Lie algebra of holomorphic vector fields, which coin- 
cides with aut M p if M is locally non-equivalent to the cubic C, or is 
a subalgebra of the 5-dimensional Lie algebra out M p in case when M 
is locally CR-equivalent to C (see [8] for precise description of autC). 
We denote this algebra by fl(M). M is the orbit of the natural local 
action of g(M) in C 3 at the point p. Also we denote by X\, X- 2 , X 3 , X 4 
a basis of the Lie algebra g(M). 

As the values of Xi, X 2 , X 3 , X± at p span the 4-dimensional lin- 
ear space T p M, these values are linearly independent over R. The 
next proposition shows that the total non-degeneracy property gives 
stronger restriction on these values. 

Proposition 2.1. If the vector fields Xi, X 2 , X 3 span a 3- dimensional 
Lie subalgebra o ofg(M), then their values atp are linearly independent 
over C. 

Proof. Suppose that rkc{ATi| p , X 2 \ p , X 3 \ p } < 3. Let a c be the 
complexification of a. Consider the real action of a in C 3 as well as the 
complex action of a c in C 3 and denote the orbits of these local actions 
at p by N and L correspondingly. Since the values of Xi,X 2 , X 3 at p 
are linearly independent over R, N is a real 3-manifold. The inequality 
rkc{Ai| p , X 2 \ p , X 3 \ p } < 2 is impossible because M is generic (and 
hence the complexification of T P M must coincide with C 3 ). So we have 
rkc{Ai| p , X 2 \ p , X 3 \ p } = 2, L is a 2-dimensional complex manifold 
and N C L is a real submanifold. Consider TpN C T^L. Since 
N C M and T p c M is of dimension 1, we conclude that T^N = T^M, 
consequently T^M C T^L and the same holds for all neighbor points 
of N, which is a contradiction with the total non-degeneracy condition. 
Hence rkc{ATi| p , X 2 \ p , X 3 \ p } = 3, as required. □ 

In this section we obtain a partial classification of the class of CR- 
manifolds under consideration, considering them as orbits of the nat- 
ural local action of 4-dimensional real Lie algebras in C 3 . We use 
the classification of 4-dimensional real Lie algebras, given in [18] (the 
results of [IE] are also claimed, for example, in [19]). There are 22 
types of such algebras: 10 solvable decomposable ones, 10 solvable 
indecomposable ones, and 2 non-solvable decomposable ones. Some 
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types contain real parameters. For our purposes it will be more 
convenient to single out five types of solvable algebras, which do 
not contain a 3-dimensional abelian ideal (according to [18], these 
are types Al. 8) A4.7, A4.9, A 2 . 2 © A2.2 and A4.10 correspondingly). We 
also denote by type VI all solvable algebras, which contain a 3- 
dimensional abelian ideal (according to [18j, these are algebras of types 
A3.1 © At, A 2 . 2 © A 2 .i,A 3 j © At, j = 3,. ..9 and A^, j = 1,...,6) and 
denote by types VII and VIII correspondingly the two non-solvable al- 
gebras so 2 ,i(R) © R 1 and so 3 (R) © R 1 . According to the classification, 
we consider 8 cases depending on the type of the Lie algebra fl(M). 

Type I. Lie algebras of this type have the following commuting rela- 
tions: 

[Xt,X 2 ] = 0, [X U X 3 ] = 0, [X 2 ,X 3 ] = x u 

[X X ,XA = (q + l)Xt, [X 2 ,X 4 ] = X 2 , [X 3 ,X 4 ] = qX 3 , \q\ < 1. 

Applying now for an algebra of type I proposition 2.1, we conclude, 
that the values of Xt,X 2 ,X 3 at p are linearly independent over C 
and we can rectify the commuting vector fields Xt,X 2 simultaneously 
in some neighborhood of p, so in this neighborhood we have: Xt = 
■7^-, X 2 = -tP— (the notations are taken from the introduction). From 

the commuting relations we then have X 3 = a(z)-^ + (b(z) + w 3 )-^ + 
c(z)-7^ for some analytic functions a(z), h( ^ n( ^ r,(™A -4- n TVion 



we firstly rectify the non-zero vector field a(z)^ and after that make a 
variable change of kind w 3 — > w 3 + C(z). Then in the new coordinates 

Xl = ^-,x 2 = ^-,x 3 = -^- + (h(z) + W3 )^- + (c(z) + a * () 



r\ 1 £ r\ 1 O r\ 1 \ V / 1 O J r\ ' V V / 1 -Z / r\ 

ow 2 ow 3 oz ow 2 ow 3 

Now taking C(z) from the equation C z + c(z) = we get X 3 = + 
(b(z) + w 3 )-j^, and after a transformation w 2 — > w 2 + B(z) for a 

function B(z), satisfying B z + b(z) = 0, we finally get X 3 = -§^ + w 3 -^. 

Now from the commuting relations for X 4 it is not difficult to verify 
that X 4 must have the form X A = (qz + + ((q + l)w 2 + mz + 
n)^- + (w 3 + m)-^-, l,m,n G C. Also from the fact that the vector 
fields Xt,X 2 ,X 3 are tangent to M, we can conclude that M is given 
by equations 

(1) v 2 = xip(y) + r(y), v 3 = ip(y) 

for some real-analytic functions tjj(y),r(y). To see that, we present M 
in the form v 2 = F(x,y,u 2 ,u 3 ), v 3 = G(x,y,u 2 ,u 3 ), which is possible 
since iXt,iX 2 are transversal to M, and get from the tangency condi- 
tions F U2 = F u:j = G U2 = G U3 = G x = 0, F x = G. Since X 4 is tangent 
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to M, we get the following conditions for ip,r: 

(q + l)xip(y) + (q + l)r(y) + m x y + m 2 x + n 2 = 
qxip + qxyip y + l 2 xip y + l±ip + l 2 r y + qyr y ; 
ip + m 2 = l 2 ip y + qyipy. 

Here / = h+il 2 , m = mi+im 2 , n = n\+in 2 . Note that the linear part 
of ip and r in (1) can be annihilated by a linear transformation. Also 
note that the total non-degeneracy condition requires ip(y) ^ ay + b. 
Then, solving the equations on ip, r and making a linear variable change 
with respect to z, we can put: 

Case q = 0: ip — Ae y , r = Bye y , A ^ 0. After a scaling we may 
suppose A — 1. 

Case q — — 1: ip = ^, r = Bhvy, A ^ 0. After a scaling we may 
suppose A — 1. 

Case q ^ {0, ±1}: ip(y) = Ay a , r{y) = By a+1 , A ^ 0, where a = ±. 
After a scaling we may suppose A — 1. 

It is interesting that the case q — 1 can't occur for a totally non- 
degenerate manifold, i.e. all orbits of the Lie algebra of type I with 
q — 1 in C 3 are degenerate. 

Proposition 2.2. Any totally non- degenerate CR-manifold with 
£j(M) of type I is locally CR-equivalent to one of the following surfaces: 

Type la: v 2 = xe v + ^yye v , v 3 = e y , 7 G R. 
Type lb: v 2 = — h 'flny, v 3 = -, 7 G R. 

T?/pe /c; w 2 = a;?/ Q + iy a+1 , v 3 = y a , \a\ > 1, 7 G R. 

The restriction on a follows from the condition |g| < 1. 

Type II. Lie algebras of this type have the following commuting rela- 
tions: 

[X U X 2 ] = 0, [X U X 3 ] = 0, [X 2 ,X 3 ] = x u 
[Xi, X4] = 2Xi, [X 2 , X4] = X 2 , [X 3 , X4] = x 2 + x 3 . 

Since the commuting relations among Xi,X 2 ,X 3 are the same as 
in case I, we conclude that in appropriate coordinates these vector 
fields have the form X x = X 2 = X 3 = £ + w 3 ^. From 
the commuting relations for X 4 it is also not difficult to verify that 
X A = {z + l)-§- z + {2w 2 + lz 2 + mz + n)£ ; + {z + w 3 + m)£ 7j , l,m,ne C. 
After a translation along z (which do not change X 1 ,X 2 ,X 3 ) we may 
suppose / = 0. Since X 1 , X 2 ,X 3 are the same as in case I, we can also 
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conclude that M has the form (1). The tangency conditions for the 
vector field X 4 have the form: 

2xi/j + 2r + xy + m x y + m 2 x = xtp + xy^) y + yr y ; 
t/j + y + m 2 = y4>y. 

Annihilating the linear part of ip and r, we can put: ip(y) = 
Ay In \y\, r(y) = By 2 , A ^ 0. After a scaling we may suppose A = 1. 
Thus we have proved the following proposition. 

Proposition 2.3. Any totally non- degenerate CR-manifold with 
q(M) of type II is locally CR-equivalent to one of the following sur- 
faces: 

Type II: v 2 = xy In y + ^y 2 , v 3 = y In y, 7 G K. 

Type III. Lie algebras of this type have the following commuting re- 
lations: 

[X U X 2 ] = 0, [X U X 3 ] = 0, [X 2 ,X 3 ] = x u 
[X U X A ] = 2qX 1 , [X 2 , X 4 ] = qX 2 - X 3 , [X 3 , X 4 ] = X 2 + qX 3 , q > 0. 

Since the commuting relations among X 1 ,X 2 ,X 3 are the same as 
in case I, we conclude that in appropriate coordinates these vector 
fields have the form Xi = X 2 = X 3 = + w 3 -^. From 
the commuting relations for X 4 it is also not difficult to verify that 
X 4 = (qz - w 3 + l)-§- z + (2qw 2 + \z 2 - \w\ + mz + n)^ + (z + qw 3 + 

m)^-, l,m,n £ C. After a translation along z (which do not change 
Xi, X 2 , X 3 ) we may suppose m — 0. Now we consider two cases. 

Case 1: q = 0. Since X±,X 2 ,X 3 are the same as in case I, we can 
also conclude that M has the form (1). The tangency conditions for 
the vector field X4 have the form: 

xy - u 3 ip + n 2 = (-u 3 + + xvpyt-vp + l 2 ) + T y (-ij) + l 2 ); 

y = ip y {-tl> + l 2 ). 

Annihilating the linear part of tp and r, we can put: ip(y) = 
\J R 2 — y 2 , r(y) = 5arcsin^, R > 0. After a scaling we may suppose 
R — 1, and M is finally given as 

v 2 = xy^l - y 2 + 7arcsiny, v 3 = yj\ - y 2 , 7 G R. 

Case 2: q > 0. In that case after a translation along w 2 we may 
suppose n — 0. Also we make a variable change, which linearizes our 
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vector field algebra: 

(2) Z I — > W 2 ' — 2w 2 — -2^3, ^3 !— > W3. 

As a result we have X x = 2^, X 2 = - z-^, X 3 = + 
w ^ X ± = - ^3 + Of + (2qw 2 - lw 3 )JL + ( g J 3 + z )^_. Re- 
placing X 4 by X4 — l±X 3 , we may suppose that Re/ = 0. Now after 
the translations 2; h z + qib, w 3 1— > w 3 — ib, where b = -jzt, we get 

Xi = 2&, X 2 = ^ - (z - X 3 = £ + («, 3 + X 4 = 

(qz - w 3 )-§- z + (2qw 2 - lw 3 )-£^ + (z + qw 3 )^- ( we replace X 4 by 
X 4 — bl 2 Xi). Presenting now M in the form v 2 = F(x, y, u 2 , u 3 ), v 3 = 
G(x,y,u 2 ,u 3 ), from the tangency conditions for Xi,X 2 ,X 3 we get 
F U2 = G x = G U2 = G U3 = 0, F x = G + b, F U3 = -y + bq. Then 
M is given as 

v 2 = X ip(y) + r(y) - yu 3 + bqu 3 + bx, v 3 = ip(y). 

The tangency conditions for X4 imply 

2q(xip + r - yu 3 + bqu 3 + bx) - bu 3 (q 2 + 1)) = 
= (qx - u 3 )ip + xip y (qy - ip) + T y (qy - ip) - (qy - ip)u 3 - 
-y(qu 3 + x) + bq(qu 3 + x) + - m 3 ); 
qijj + y = 1 p y ( q y-< t p). 

From the second equation we get 

^ = 7- 

This is a first order homogeneous equation. The general solution is 
exp(2garctg^) = c 2 (ip 2 + y 2 ). Hence we get ip c (y) = ^"0i( c //) and after a 
scaling we may suppose for the original manifold M that ip(y) = ipi(y)- 
For r from the first tangency condition we get 

(3) T JL = 2 A . 

t qy-i){y) 

Hence the general solution is r c (y) = cri(y). It is straightforward 
to check that r = c(^ 2 + y 2 ) is actually the general solution of (3). 
Annihilating the pluriharmonic terms in the right hand side of the 
defining equations of M and replacing — yu 3 by xv 3 (since the difference 
is pluriharmonic) , we can present M after a scaling in the following way: 



w 2 = xt> 3 + 7(t; 3 + y ), exp ( 2q arctg— ) = f 3 + 2/ , g>0,76 
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Proposition 2.4. Any totally non- degenerate CR-manifold with 
q(M) of type III is locally CR-equivalent to one of the following sur- 
faces: 

Type Ilia: v 2 = x\J\ — y 2 + 7 arcsin y, v 3 = a/1 — y 2 , 7 G R. 
Typelllb: v 2 = xv 3 + 7(^3 + y ), exp 2q arctg— = v 3 + y , g > 0, 7 G 

V yj 



Type IV. Lie algebras of this type have the following commuting re- 
lations: 

[X U X 2 ] = 0, [X U X 3 ] = 0, [X 2 ,X 3 ] = x 2 , 
[X U X A ] = X u [X 2 ,X 4 ] = 0, [X 3 ,X A ] = 0. 

Using proposition 2.1, we can rectify the commuting vector fields 
Xi,X 2 , so Xi = X 2 = -t^. From the commuting relations 

X, = a{,)± + + + to. 

Now we firstly rectify a(z)J^, then make a variable change w 2 — > w 2 + 
B(z), w 3 — ► w 3 + i^(z) for functions B(z), D(z), satisfying B z + b(z) = 
0, D z - D{z) + d(z) = and finally get X 3 = £ + «; 3 ^. 

Now from the commuting relations for X A it is not difficult to verify 
that X4 must have the form X4 = + (w 2 + m)-^ + ne z -^, l,m,n G 
C. Also from the fact that the vector fields X±,X 2 ,X 3 are tangent to 
M, we can conclude that M is given by equations 

(4) V2 = iff(y),v 3 = e x T(y) 

for some real-analytic functions if)(y),r(y). To see that, we present M 
in the form v 2 = F(x,y,u 2 ,u 3 ), v 3 = G(x,y,u 2 ,u 3 ) and get from the 
tangency conditions F U2 = F U3 = G U2 = G U3 = F x = 0, G x = G. Since 
X4 is tangent to M, we get the following conditions on ip, r: 

ip + m 2 = l 2 ip y ; 
n\e x sin y + n 2 e x cos y = l\t x r + l 2 e x r y . 

Note that linear terms in ip and terms of kind a sin y + b cos y in r can 
be annihilated by transformations of kind w 2 — > w 2 + A(z), w 3 — ► 
w 3 + B{z). Also from the total non-degeneracy f,r ^ 0. Then after 
scalings ip = e y ,r = e Sy . Thus we have proved the following proposi- 
tion. 
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Proposition 2.5. Any totally non- degenerate CR-manifold with 
q(M) of type IV is locally CR-equivalent to one of the following sur- 
faces: 

Type IV: v 2 = e\ v 3 = e x+Sy , S E R. 

Type V. Lie algebras of this type have the following commuting rela- 
tions: 

[X U X 2 \ = 0, [X U X 3 ] = X u [X 2 ,X 3 ] = x 2 , 
[XijXi] = X 2 , [X 2 ,X 4 ] = —Xi, [X 3 ,X 4 ] = 0. 

Having fl(M) of type V, we firstly rectify the commuting vector 
fields X 1: X 2 (using proposition 2.1), so X 1 = X 2 = Then 

from the commuting relations X 3 = a(z)-j^ + (w 2 + b(z))-^ + (w 3 + 

d(z))-^, a(z) 7^ 0. After a rectification of a(z)-j^ and a variable change 

w 2 — > w 2 +B(z), w 3 — > w 3 +D(z) for functions B(z), D(z), satisfying 

B z + b(z) = 0;D Z + d{z) = 0, we finally get X 3 = £ + w 2 ^ + w 3 ^. 

From the commuting relations for the vector field X^ we then get 

d d d 

X 4 = I— + (me z - w 3 )- h (ne z + w 2 )- — , l,m,n e C. 

oz ow 2 ow 3 

Presenting M in the form v 2 = F(x,y,u 2 ,u 3 ), v 3 = G(x,y,u 2 ,u 3 ), we 
get from the tangency conditions for Xi,X 2 ,X 3 : F U2 = F U3 = G U2 = 
G U3 = 0, F x = F, G x = G, which means that M is given as 

(5) v 2 = e x ip(y),v 3 = e x r(y). 

The tangency conditions for X 4 now give 

m\e x sin y + m 2 e x cos y — e x r = he x t/j + l 2 e x t/j y ; 
nie x sin y + n 2 e x cos y + e x vp = l\e x r + l 2 e x r y . 

Solving these equations and annihilating trigonometric terms a sin y + 
b cosy by transformations of kind Wj — ► Wj + Cjt z in (5), we get: 

Case / = l\ + il 2 ^ ±i: ip = C\e ay cos fly + c 2 e ay sin j3y, r = 
c\e ay cos f3y + c 2 e ay sin fly, where a — — (3 — j^; 

Case I — l\ + il 2 — ±i: tp = ciycosy + c 2 ysiny, r = Ciycosy + 
c 2 y sin y. After a linear transformation we can put in both cases c\ = 
c 2 = 1, c 2 = c~i = 0. Thus we have proved the following proposition. 
Proposition 2.6. Any totally non- degenerate CR-manifold with 
£j(M) of type V is locally CR-equivalent to one of the following sur- 
faces: 

Type Va: v 2 = e x+ay cos (3y, v 3 = e x+ay sin f3y, f3 > 0,a + (3i ^ i. 
Type Vb: v 2 = e x ycosy, v 3 = e x ysiny. 
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Type VI. Lie algebras of this type are characterized by the property 
that they have an abelian 3-dimensional ideal. Hence we have the 
following commuting relations: 



[X it Xj] = 0, 1 < i, j < 3, [Xi, X 4 ] = c v X 3> 1 < * < 3 > <kj e R - 



Applying proposition 2.1, we can rectify the commuting vector fields 
Xx,X 2 ,X 3 simultaneously, then we have X 1 = -§- z , X 2 = X 3 = 
From the commuting relations we can conclude now that X 4 is an affine 
vector field with a real linear part and hence (since M is invariant under 
X\,X 2 , X 3 ) M is a tube over a locally affinely homogeneous curve in M 3 . 
All possible actions of affine 1-dimensional transformation groups in R 3 
were classified in [22]. It is not difficult to obtain from that classification 
the affine classification of locally affinely homogeneous curves in M 3 
and hence the real-affine classification of the corresponding tubes in 
C 3 . Rejecting the totally degenerate surfaces, we get the following 
proposition. 

Proposition 2.7. Any totally non- degenerate CR-manifold with 
g(M) of type VI is locally CR- equivalent to one of the following pairwise 
locally affinely non- equivalent affinely homogeneous tube surfaces: 



Type VI f : v 2 = y In 2 y,v 3 = y In y. 
Type VI g : v 2 = e y cos /3y, v 3 = e y sin (3y, (3 > 0. 
Type Vlh : v 2 = y a cos(/31n?/), i> 3 = y a sin(/?ln?/), (3 > 0. 
Type VH : v 2 = cosy, v 3 = smy. 

Types VII- VIII. Lie algebras of these types have the following com- 
muting relations: 



3 



Type Via : v 2 = y a , v 3 = y p , 1 < a < (3. 
Type VIb : v 2 = e ay , v 3 = e y , -1 < a < 1. 
Type Vic : v 2 = y lay, v 3 = y a , a =fi 0; 1. 



Type VId : v 2 = ye y , v 3 = e y . 



Type Vie : v 2 = y 2 , v 3 = e v . 



[X U X 2 ] 
[X U X 4 ] 
[Xi,X 2 ] 

[X U X 4 ] : 



: X\, [Xx,X 3 ] — 2X 2 , [X 2 ,X 3 ] — X 3 , 
[X 2 ,X A ] = [X 3 ,X 4 ] = (Type VII), 
X 3 , [Xi,X 3 ] = —X 2 , [X 2 ,X 3 ] = Xi, 
[X 2 ,X 4 ] = [X 3 ,X A ] = (Type VIII). 
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Consider firstly an algebra of type VIII. It contains the subalgebra 
a = span{X!, X 2 , X 3 }, isomorphic to so 3 (R). By proposition 2.1, the 
values of the vector fields Xi,X 2 ,X 3 at p are linearly independent 
over C, which implies that the orbit of the natural local action of 
the complexified algebra a c at p is an open set in C 3 . Hence there 
exists a local biholomorphic mapping from the Lie group S0 3 (C) to 
a neighborhood of p such that a c is the image of the tangent algebra 
of the Lie group S0 3 (C) under this mapping. Hence after a local 
holomorphic coordinate change we may suppose that a c is the algebra 
of left-invariant vector fields on S0 3 (C) and that X 4 is a vector field 
on S 03(C), commuting with this algebra. Considering the flows of 
vector fields from a c and of the vector field X 4 , we conclude that these 
flows commute, which implies that any transformation from the flow 
of X4 commute with the standard left multiplications in S0 3 (C). If 
if is one of these transformations and x, g G S0 3 (C), then we get 
ip(g ■ x) = g ■ (p(x). Putting x = e, we get (p(g) = g(p(e), which means 
that X 4 generates a one-parametric subgroup of right multiplications 
and hence is a right-invariant vector field. 

Now the orbit of the given algebra at the point Id (corresponding to 
the original point p) is described as follows. Consider a as a real subal- 
gebra in the matrix Lie algebra so 3 (C). Since the values of the vector 
fields Xi, X 2 , X 3 at p are linearly independent over C, this subalgebra 
is a totally-real subspace. Let A ± ,A 2 ,A 3 be a basis of this subspace. 
Then orbit of the action of the real Lie subgroup, corresponding to a, 
is given as e xlAl ■ e X2M ■ e x ' iM -Z,Z G S0 3 (C),xj G R. The orbit of the 
action of X A is given as Z • e~ Bt , Z G S0 3 (C),t G R for some matrix 
B from 503(C). Since a is totally real, the matrix B can be presented 
as B\ + iB 2 , Bi, B 2 G a. If X4 is the right-invariant vector field, corre- 
sponding to the matrix iB 2 , then (since Bi G o) at each point the vector 
fields X 1 ,X 2 ,X 3 ,X 4: and X 1 ,X 2 ,X 3 ,X i span the same 4-dimensional 
real linear space. This observation allows us to put B 1 = 0. Now we 
choose a basis in a in such a way that A 3 = —B 2 . Then we finally 
obtain that the desired orbit looks as follows: 

gZiAi . e x 2 A 2 . e x 3 A 3 . e itA 3 ^ Xjjte ^ 

Consider now the mapping F : C 3 — > S0 3 (C), given as F(z±, z 2 , z 3 ) = 
gZi^i . e z 2 A 2 . e zzA 3 ^ j^. - g bih i omor pmc at the origin, since F z .(0) = Aj 
and Aj are linearly independent over C, and the orbit turns out to be 
the image of the 4-plane {Im Z\ = \m.z 2 = 0} under F . Hence the orbit 
is degenerate, which is a contradiction. In the same way we obtain 
that all M with q(M) of type VII are degenerate (in that case the 
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subalgebra, spanned by Xi,X 2 , X 3 is isomorphic to so 2 ,i(IR)). Thus we 
have proved the following proposition. 

Proposition 2.8. Any CR-manifold M with g(M) of types VII-VIII 
is degenerate. 

We resume this chapter by formulating the following partial classifi- 
cation theorem. 

Theorem 2.9. Any totally non- degenerate locally homogeneous 4~ 
dimensional CR-manifold in C 3 is locally CR-equivalent to one of the 
homogeneous surfaces la, lb, Ic, II, Ilia, 111b, IV ', Va, Vb, Vla-VIi. 
Remark 2.10. Realizations of low-dimensional real Lie algebras as 
algebras of vector fields in a real linear space were considered in many 
papers. For example, realizations of 4-dimensional real Lie algebras 
as algebras of vector fields in R 3 were considered in [21] and some 
formulas, obtained in the present section, are presented in [21j, but 
the direct application of the results of [21] is impossible in our case 
since the situation of a real algebra of holomorphic vector fields in a 
complex space gives some restrictions on the possible realizations (as, 
for example, proposition 2.1 shows) as well as some new possibilities, 
as the above examples show. 

3. The classification 

In this section we specify the partial classification theorem 2.9. This 
finally allows us to prove the Main Theorem. More precisely, we study 
the local CR-equivalence relations among the surfaces Ia-VIi. To do 
so, we firstly give the following definition. 

Definition 3.1. A totally non-degenerate locally homogeneous 4- 
dimensional CR-manifold M is called spherical, if at some point (and 
hence at each point) it is locally CR-equivalent to the cubic C . Other- 
wise M is called non-spherical. 

The term "spherical" is used in analogue with the case of a hypersur- 
face in C 2 , where the 3-dimensional sphere is the model surface for the 
class of Levi non-degenerate hypersurfaces [2D] . Using the trichotomy 
for 4-dimensional locally homogeneous CR-submanifolds in C 3 (see in- 
troduction), we get the following proposition. 

Proposition 3.2. Two non-spherical 4-dimensional totally non- 
degenerate locally homogeneous CR-submanifold M, M' are locally CR- 
equivalent if and only if there exists a biholomorphic mapping F , trans- 
lating a point p G M to a point p' G M' and (locally) translating the 
algebra q(M) = autM p into the algebra fl(M') = auiM' pl . In particu- 
lar, if M,M' are CR-equivalent, then fj(M), q(M') are isomorphic as 
Lie algebras. 
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It follows from the above proposition that for non-spherical mani- 
folds the local CR-equivalence problem can be reduced to the biholo- 
morphic equivalence problem for vector field algebras, providing the 
homogeneity of the manifolds. Hence it is important now to find out 
what surfaces in the extended list Ia-VIi are spherical. We firstly note 
that the sphericity of Via with a = 2,(3 = 3 follows from [8]. The 
sphericity of Ic for a = 2 can be verified from the previous fact by 
applying the binomial formula for (x + iy) 3 . To do the sphericity check 
for the other surfaces, we refer to the sphericity criterion, formulated in 
[6]. According to this criterion, a 4-dimensional totally non-degenerate 
locally homogeneous CR-manifold M is spherical if and only if in some 
local coordinates (z, w 2 ,w 3 ) it can be presented as 

V2 = \ z \ 2 + 0(6), v 3 = 2\z\ 2 Re z + 0(7), 

where the variables are assigned the weights [z] — 1, [w 2 ] = 2, [w 3 ] = 3 
and 0(6), 0(7) are terms of weights grater than 6 and 7 correspondingly 
(this is some analogue for the sphericity criterion for a hypersurface in 
C^, see |9j,[10]). To apply this criterion to the above list of homoge- 
neous surfaces, we consider all possible holomorphic transformations, 
preserving the origin, and present them as 

z fi + ■■■ + k + 0{n + 1), w 2 ^ gi + • • • + g n+1 + 0(n + 2), 
w 3 hx H V h n+2 + 0{n + 3), 

where fj,gj,hj are polynomials of weight j. We call the collection of 
all fj,gk, hi for j < n, k < n + 1, I < n + 2 the (n, n + 1, n + 2)-jet of 
the transformation. We also present the manifold as 

oo oo 

v 2 = \z\ 2 + ^2Fj, v 3 = 2\z\ 2 Rez + ^2G j , 

j=3 j=4 

where Fj,Gj are polynomials of weight j and call the collection of all 
Fj,Gj + i for 3 < j < m the (m,m + 1) jet of M. Then we note the 
following. Given a mapping of a manifold 

v 2 = \z\ 2 + F 3 + --- + F m + 0(m + 1), 

v 3 = 2\z\ 2 Rez + G A + • • • + G m+1 + 0(m + 2) 

to a manifold of the same kind 

v 2 = \z\ 2 + F 3 + --- + F m + 0(m + 1), 

w 3 = 2\z\ 2 Rez + G 4 + • • • + G m+1 + 0{m + 2), 

preserving the origin, for a fixed (m, m + l)-jet of the first manifold the 
(m, m+l)-jet of the second manifold depends only on the (m— 1, m, m+ 
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l)-jet of the mapping. Then it is clear that the vanishing condition for 
the (5, 6)-jet of the manifold (which is equivalent to the sphericity) is a 
condition on the (4, 5, 6)-jet of the mapping. This condition is a system 
of equations on the coefficients of the (4,5,6)-jet of the mapping. 

Now we describe the process of the sphericity inspection for a totally 
non-degenerate surface. 

Step 0. We present the equations of the surface as 

v 2 = \z\ 2 + F 3 + F 4 + F 5 + 0(Q), v 3 = 2\z\ 2 Rez + G 4 + G 5 + G 6 + 0(7). 

Step 1. We write the condition on the coefficients of a mapping 
z h-> z + f 2 + 0(3), w 2 i-> w 2 + g 3 + 0(A), w 3 i-> w 3 + hi + 0(5), 
which maps the original surface onto a surface 

v 2 = \z\ 2 + 0(4), v 3 = 2\z\ 2 Rez + 0(5). 

This condition is a system of 17 real equations on 18 real variables. 
This system always has a solution (f 2 ,g 3 , h 4 ). 

Step 2. We write the condition on the coefficients of a mapping 

z i-» z+f 2 +f 3 +0(4), w 2 i-> ^2+^3+^+0(5), w 3 1 w 3 +h 4 +h 5 +0(6), 

which maps the surface, obtained in step 1, onto a surface 

v 2 = \z\ 2 + 0(5), v 3 = 2\z\ 2 Rez + 0(6). 

This condition is a system of 26 real equations on 24 real variables, 
which might not have any solution. If this system has no solution, 
then we conclude that the surface is not spherical. Otherwise we get a 
solution (f 3 ,g 4 , /15) and go to step 3. 

Step 3. We write the condition on the coefficients of a mapping 

z i-> z + f 2 + f 3 + f 4 + 0(5), w 2 ^ w 2 + g 3 + g 4 + g 5 + 0(6), 
w 3 i-> w 3 + h 4 + h 5 + h e + 0(7), 

which maps the surface, obtained in step 2, onto a surface 

V2 = \z\ 2 + 0(6), v 3 = 2\z\ 2 Rez + 0(7). 

This condition is a system of 39 real equations on 32 real variables, 
which may have no solution. If this system has no solution, then we 
conclude that the surface is not spherical, otherwise it is spherical. 

To solve the systems of equations for the homogeneous surfaces Ia-Vb 
we used Maple 6 package (see [7] for the details of the computations). 
For the tube case VI it is possible to apply simpler arguments. We 
resume the results of our computations in the following proposition. 
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Proposition 3.3. The following homogeneous surfaces from the list 
la- Vli are spherical: Ic for a = 2 and Via for a — 2, (3 — 3. All other 
surfaces from the list la- Vli are non-spherical. 

Proof. To prove the proposition for the tube surfaces Via- Vli we note 
the following: the subalgebra span{V 3 , X 2 , X[} is the unique abelian 
3-dimensional subalgebra in the 5-dimensional infinitesimal automor- 
phism algebra of the cubic C (it can be easily verified from the commut- 
ing relations in the algebra, see [8] for the details and the notations). As 
it was shown in [8], the cubic C is polinomially equivalent to the tube 
surface Via for a = 2,(3 = 3 (we denote this surface by C) and we 
conclude that span{J^, is the unique 3-dimensional abelian 

subalgebra in autC. Hence if a tube surface M from the list Via- Vli 
is locally biholomorphically equivalent to the cubic C, we get a biholo- 
morphic mapping F, which maps g(M) to a 4-dimensional subalgebra 
of the 5-dimensional algebra autC. In particular, the abelian 3-algebra, 
spanned by X L ,X 2 ,A / 3 , is mapped to an abelian 3-dimensional subal- 
gebra of autC. Since such subalgebra is unique, we conclude that F 
maps the three coordinate vector field jf~, if- to their linear com- 

r az ' OW2 ' OU13 

binations, which implies that F is in fact a linear mapping. Hence 
all the tube surfaces Via- Vli except C are locally biholomorphically 
non-equivalent to C, as required. □ 
It remains now to prove that the non-spherical homogeneous sur- 
faces la- Vli are pairwise locally CR-inequivalent. Since homogeneous 
surfaces of different types la- Vli correspond to non-isomorphic Lie al- 
gebras (except the cases Va,Vb, corresponding to the same algebra V), 
we just need to prove, using proposition 3.2, that two vector field al- 
gebras, providing the homogeneity of two non-spherical surfaces of the 
same type la- Vli, can not be mapped onto each other by a local bi- 
holomorphic mapping and also to prove that two vector field algebras, 
providing the homogeneity of a type Va surface and a type Vb sur- 
face correspondingly, can not be mapped onto each other by a local 
biholomorphic mapping. In what follows 



denotes a local biholomorphic mapping, which maps a germ of a homo- 
geneous surface M at p onto a germ of a homogeneous surface M' at 
p' . Xi,X 2 , X 3 , X4 and Yi, Y 2 , Y 3 , Y4 denote the basis of the vector field 
algebras fj(M) and q(M') correspondingly. Now we consider different 
cases. 

Ia 1— > la. In this case we may suppose p = p' = (0,0, i). From 




section II we have X 
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~~ ^)Jz W2 Ifw^ + W3 7fw^ an d the same for (with a parameter 
7'). The vector field algebras are of type I with q = 0. Span{Xi, X 2 } 
is the commutant and hence is invariant under <3>. X 4 is the unique 
element, modulo the commutant, for which the corresponding adjoint 
operator is identical on the commutant. X 3 is the unique element, up 
to a scalar and modulo the commutant, for which the corresponding 
adjoint operator has zero eigenvalues on the commutant. Span{Xi} 
is the kernel of adx 3 - From all the above invariant descriptions we 
conclude that $ maps X 1 to aYi, X 2 to bY 1 +eY 2 , X 3 to mY 1 +nY 2 +kY 3 , 
X 4 to pY 1 + sY 2 +Y 4: , where a, b, e, m, n, k,p,s G R, a,e,k ^ 0. The first 
two conditions imply £ = F(z), r/ 2 = G(z)+aw 2 +bw 3 , r) 3 = H(z)+ew 3 . 
The third one implies F z = k, the fourth one implies {i — ^)F z = i — 7'. 
Hence we get k — 1, 7 = 7' and conclude that M = M'. 

Ib 1— > lb. In this case we may suppose p — p' — (i, 0, 1). From section 
II we have X, = ^ X 2 = JL X 3 = X 4 = -z^-i^ + 

W3 ~&wi anc ^ ^ e same ^ or (with a parameter 7'). The vector field 
algebras are of type I with q — — 1. Span{Xi, X 2 , X 3 } is the commutant 
and hence is invariant under $. X4 is the unique element, up to a 
sign and modulo the commutant, for which the corresponding adjoint 
operator has eigenvalues {0; 1; —1} on the commutant. Span{Xi} is the 
second commutant. From the above invariant descriptions we conclude 
that $ maps X 1 to aY u X 2 to bY x + eY 2 + kY 3 , X 3 to IY X + mY 2 + nY 3 , 
X 4 to pYi + sY 2 + rY 3 ± Y4. In case we have plus, the commuting 
relations imply k — m — 0. Then from the first two conditions we 
get £ = F(z), T) 2 = G(z) + aw 2 + bw 3 , r) 3 = H(z) + ew 3 . Comparing 
the and - coefficients for the third condition, we get F z = 

n, G z + aw 3 = I + nH + new 3 , H z = m and hence F = nz — ni + 
i, a = ne, G z = nH + l,H z — (because F(i) = i). Comparing the 
If' ' coefficients for the fourth condition, we get — nz = —nz + 
ni — i + r, — zG z — ija + bw 3 = p + rFL + rew 3 — ij', which implies 
n = 1, r = 0, G z = 0, 7' = 7a. This finally gives us H = — I e R and 
hence e = 1 (because $(p) = //). Now we conclude that a = ne = 1, 
7' = 7a = 7 and M = M' , as required. In case we have minus in 
the fourth condition, we note that M has the following polynomial 
automorphism a, preserving the point p: 

Z h-> W 3 , W 2 H-» —W 2 + ZW 3 + 1, W 3 l-> z. 

Under this transformation 



(6) 



Xi h-> -Xx, X 2 >-> X 3 , X 3 ^ X 2 , X 4 i-> -X 4 . 
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Composing <3> with a, we get a mapping $ from M onto M' with a plus 
in the fourth condition and hence conclude that 7' = 7 and M' = M. 

Ic 1— > Ic. In this case we may suppose that the alpha's are the 
same for M and M' (since different alpha's correspond to different 
q and hence to non-isomorphic Lie algebras). Also we suppose that 
p = p' = (iji'y'ji). The vector field algebras are of type I 

with q G (—1,1), q 7^ 0. From section II we have X\ = X 2 = 

afe> X 3 = £ + ^3^, ^4 = qz£ + (q+ l)w 2 £- 2 +w 3 £- 3 and the same 
for Yj. Span{Xi, X 2 , X 3 } is the commutant. Span{Xi} is the second 
commutant. X 4 is the unique element, modulo the commutant, for 
which the corresponding adjoint operator has the eigenvalue q+1 on the 
second commutant. From the above invariant descriptions we conclude 
that $ maps X Y to aY u X 2 to bY l + eY 2 + kY 3 , X 3 to IY X + mY 2 + nY 3 , 
X 4 to pY\ + sY 2 + rY 3 + 14. The commuting relations imply k = m = 0. 
Then from the first two conditions we get £ = F(^), i] 2 = G(z) +aw 2 + 
bw 3 , r] 3 = H(z) + eu>3. Comparing the J|, ^ and - coefficients for 
the third condition, we get F z = n, G z + aw 3 = 1 + nH + new 3 , H z = m 
and hence a = ne, G z = nH + l,H z = 0. In particular, F = nz — ni + i 
(from F(i) = i) and G is linear. Comparing the ^ - coefficients for 
the fourth condition, we get qnz = q(nz — ni + i) + r, which implies 
n — l,r = 0. Comparing the - coefficients for the fourth condition, 
we get zG z + a(q + l)w 2 + bw 3 = p + rH + rew 3 + a(q + l)w 2 + (q + 
l) w 3 + {q + 1)G + p, which implies b = b(q + 1) and hence 6 = 0, and 

+ 1 9 + 1 

also zG z = — G and G = Az 1 . Since G is linear and q 7^ —1, we 
get G = 0. Then H = —I e M and hence e = 1 (because $(p) = p'). 
Now we conclude that a = ne = 1, and hence r\ 2 = w 2 , which implies 
ry = ry' and M = M', as required. 

II I— > II. In this case p = (2,17, 0), p' = (i, 17', 0). The vector 
field algebras are of type II. From section II we have X± = -7^-, X 2 = 
£- 3 , X 3 = I + w 3 £- 2 , X A = zf z + (2w 2 + \z*)£- 2 + (z + w 3 )£- 3 and 
the same for Yj. Span{Xi, X 2 , X 3 } is the commutant. SpanjXi} is the 
second commutant. X4 is unique element, modulo the commutant, for 
which the corresponding adjoint operator has the eigenvalue 2 on the 
second commutant. From the above invariant descriptions we conclude 
that $ maps X 1 to aY u X 2 to bY 1 + eY 2 + kY 3 , X 3 to lY 1 +mY 2 +nY 3 , X 4 
to pYi+ sY 2 +rY 3 +Y 4 . The commuting relations imply k = 0, n = e, a = 
e 2 . Then in the same way as in the pervious case from the first two 
conditions we get £ = F(z), i] 2 = G(z) + e 2 w 2 + bw 3 , r] 3 = H(z) + ew 3 , 
and from the third one F z = nz — ni + i, G z = eH + I, H z = m. 
Comparing the M~ - coefficients for the fourth condition, we get nz = 
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nz — ni + i + r, which implies n — l,r = 0. Comparing the ^ - 
coefficients for the fourth condition, we get zG z + (2w 2 + \z 2 )e 2 + b(z + 
w z) = P + 2e 2 «;2 + 26-u;3 + 2G', which implies e 2 = 1, 6 = 0, p = 0, zG z = 
2G and hence G = Az 2 . Finally, comparing the ^ - coefficients, 
we get zH z + (z + w 3 )e = z + H + ew 3 + q, which implies zH z = 
H + q, H = mz — q. Now from = p' we get mi — q = and 

hence m = q = 0, H = 0, G = (because G = Az 2 and G z = I + eH). 
Applying = p' again, we get ij = ij' and M = M', as required. 

Ilia 1— > Ilia. In this case we may suppose p — p' — (0, 0,i). The 
vector field algebras are of type III with q = 0. SpanjXi, X 2 , X 3 } is 
the commutant, span{Xi} is the second commutant, X 4 is the unique 
element, up to a sign and modulo the commutant, for which the cor- 
responding adjoint operator has eigenvalues {0, i, —i} on the commu- 
tant. From the above invariant descriptions we conclude that $ maps 
X 1 to aY u X 2 to W 1 + cY 2 + dY 3 , X 3 to eY 1 + kY 2 + IY 3 , X A to 
wY\ + n Y 2 + pY 3 ± Y 4 . From section II we have X 1 = X 2 = 

i, X 3 = I + w 3 £- 2 , X 4 = -w 3 -§- z + {\z 2 - \w 2 - i 7 )^ +l£- 3 and 
the same for Yj (with a parameter 7'). It is convenient now to make 
the variable change (2) and thus to get the affine vector fields X 1 = 
X2 = i _u, 2^, X 3 = jf z +w 3 ^, X A = -w 3 §- z -2i^^- 2 +z^, 
and the same for Yj (with a parameter 7'). The commuting relations 
now imply I = c, k = —d, c 2 + d 2 = a. Then from the first condition we 
get £ W2 = ij] 3 ) W2 = 0, (772)^2 = a - The third and the second condition 
imply Cw 3 = d, \ z = c, (r] 3 ) z = -d, (rj 3 ) W3 = c and hence 

£ = cz + dw 3 + s, r] 3 = —dz + cw 3 + i. 

Also we get (fj 2 ) z = e + sd + ct, (r] 2 ) m = b — cs + dt. From $(p) = p' we 
get s = — di, t = i — ci. In case we have plus in the fourth condition, 
we compare the J| and - coefficients for the fourth condition and 
get p = n = s = t = 0. Hence c — 1, d — 0, a — 1. Thus we have 
^2 = ^2 + + 6^3 + /i. Comparing now the - coefficients for the 
fourth condition, we get b = e = 0, 7 = 7', so M = M' . In case 
we have minus in the fourth condition, we firstly apply the following 
authomorphism e, preserving M and the fixed point p: 

Z I— > —Z, W 2 I— > — ^2, "^3 !— > W3. 

As a result we get Xl 1— > — X ± , X 2 1— > X 2 , X 3 1— > — X 3 , X 4 1— > — X 4 . 
Composing $ with £, we get a biholomorphic mapping $' of a germ of 
M at p onto a germ of M' at p' with a plus in the fourth condition and 
hence get M = M', as required. 
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Illb i— > Illb. In this case we may suppose that the g-parameters are 
the same for M and M' (since different q correspond to non-isomorphic 
Lie algebras). Also we suppose that p = (i,ry, 0), p' = (i,r/,0). The 
vector field algebras are of type III with q > 0. Span{Xi, X 2 , X 3 } is 
the commutant, span{Xi} is the second commutant, X 4 is the unique 
element, modulo the commutant, for which the corresponding adjoint 
operator has the eigenvalue 2q on the second commutant. From the 
above invariant descriptions we conclude that $ maps X\ to aYi, X 2 
to bY l + cY 2 + dY 3 , X 3 to eY x + kY 2 + IY 3 , X 4 to mY 1 + nY 2 + pY 3 + Y 4 . 
From section II we have X 1 = X 2 = X 3 = £ + w 3 ^, X 4 = 

(qz-w 3 )j^ z + (2qw 2 + \z 2 -\wl)^ + (z + qw 3 )-^ and the same for Yj. 
It is convenient now to make the variable change (2) and thus to get the 
affine vector fields Xi = X 2 = -^ — w 2 ^, X 3 = £ + ^3^, X 4 = 
(qz - w 3 )-§- z + 2qw 2 ^ + (z + qw 3 )-£^ (and the same for Yj). The 
commuting relations now imply I — c, k — —d, c 2 + d 2 = a. Then from 
the first condition we get £ W2 = {j] 3 ) W2 = 0, (r) 2 ) W2 = a. The third and 
the second condition imply ^ W3 — d, £ 2 — c, (r] 3 ) z = —d, (7] 3 ) W[i = c and 
hence 

£ = cz + dw 3 + s, 7/3 = —dz + cw 3 + t. 

Also we get (772)2 = e + sd + ct, (rj 2 ) W3 = b — cs + dt. From $(p) = p' 
we get s = i — ci, t = di. Comparing the J| and - coefficients for 
the fourth condition, it is not difficult to obtain p = n = s = t = 
and hence c = 1, d — 0, a — 1. Thus we have r] 2 = w 2 + ez + bw 3 + h. 
Comparing now the ^ - coefficients for the fourth condition, we get 
b = e = 0, m + 2qh = 0, which implies Imh = and from $(p) = p' 
we now get ij = ij' and M = M', as required. 

IV 1— > IV. In this case we may suppose p — p' — (0,i,i). From 
section II we have Xi = X 2 = X 3 = ■§- + w 31 p—, X 4 = 

~~ ^)Jz U ' 2 9u^ an( ^ the same f° r (with a parameter <5'). The 
vector field algebras are of type IV. Span{X 1 ,X 2 } is the commutant. 
X 3 and X4 are the unique elements, up to a permutation and modulo 
the commutant, for which the corresponding adjoint operators have 
a collection of eigenvalues {0; 1} on the commutant. From the above 
invariant descriptions we conclude that <3> maps X\ to aY\ +pY 2 , X 2 to 
bYi+qY 2 , and also (first case) X 3 to mYi+nY 2 +Y 3 , X 4 to kY 1 + lY 2 +Y 4 , 
or (second case) A3 to wY\ + nY 2 + Y 4 , X 4 to kY\ + IY 2 + Y 3 . The first 
two conditions in both cases imply £ = F(z), r] 2 = G(z) + aw 2 + 
bw 3 , rj 3 = H(z) + pw 2 + qw 3 . Comparing now the - coefficients for 
the third and the fourth conditions in the first case, we get F z — 1 and 
(i — 5)F Z = i — 5 f , which implies 8 — 8' and M = M', as required. 
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Comparing the J| - coefficients for the third and the fourth conditions 
in the second case, we get F z = i — 5 and (i — 5)F Z = 1, which implies 
(i — 5) 2 = 1, which is impossible since 5 G M, so the second case can 
not occur and finally M = M' . 

V h V. We consider a mapping between germs of arbitrary sur- 
faces with q(M) of type V. In this case from section II we have 
*i = A' X * = A' X 3 = £ + w 2 £- 2 + w 3 £- a . For type Va 
we have X 4 = l -^-§- z - w 3 -£^ + w 2 -£^, for type Vb we have X 4 = 
i§- z + (ie z - w 3 )-£- + (w 2 + e z )^. Span{Xi,X 2 } is the commutant. 
X3 is the unique element, modulo the commutant, for which the cor- 
responding adjoint operator is identical on the commutant. X4 is the 
unique element, up to a sign and modulo the commutant, for which the 
corresponding adjoint operator has eigenvalues {i; —i}. From the above 
invariant descriptions we conclude that <3> maps X\ to aY\ + pY 2 , X 2 to 
bY 1 +qY 2 , X 3 to mY 1 +nY 2 +Y 3 , and also (first case) X A to kYx + lY^Y^ 
or (second case) X 4 to kY\ + IY 2 — Y4. The first two conditions in both 
cases imply ^ = F(z), rj 2 = G(z) + aw 2 + bw 3 , r] 3 = H(z) + pw 2 + qw 3 . 
Comparing now the J| - coefficients for the third and the fourth con- 
ditions in the first case, we get F z = 1, and also: i -^ L F z = 't-j^- 
(Va h-> Va), or ^F z = i (Va \-> Vb), which implies a = a' , (3 = (3' 
and M = M' for Va 1— > Va, or a — 0, (3 — 1 for Va 1— > Vb, which 
is a contradiction. Comparing the - coefficients for the third and 
the fourth conditions in the second case, we get F z — 1, and also: 
!=** F z = -i=f (Va>-> Va), or ^fF z = -1 (Va h-> Vb), which implies 
(3 = —(3' for Va 1— > Fa, which is a contradiction since > 0, or 
a = 0, (3 = — 1 for Va 1— > F6, which is also a contradiction since /? > 0, 
as required. 

VI 1— > VI. We claim that all non-sperical tube surfaces Vla-VIi 
are pairwise non-equivalent. To see that, we note that for all tube 
surfaces Vla-VIi the real matrix, defining the linear part of the affine 
vector field X 4 , has rank at least 2, which implies that the centralizer 
of X 4 in q(M) is not more than 1-dimensional. Then we can find no 
3-dimensional abelian subalgebra in g(M) other than the one spanned 
by X 1 ,X 2 ,X 3 . Hence if F is a biholomorphic mapping between germs 
of two non-spherical tube surfaces M, M' from the list Vla-VIi, then by 
proposition 3.2 F maps q(M) to fj(M') and the unique 3-dimensional 
abelian subalgebras are also mapped onto each other. In the same 
way as in proposition 3.3 we conclude now that F is a linear mapping. 
Hence different tube surfaces from the list Vla-VIi are pairwise locally 
CR non-equivalent, as required. 
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Thus, according to the claims of the main trichotomy, theorem 2.9 
and proposition 3.3, the Main Theorem is completely proved. □ 

Proof of theorem 1.2. For all surfaces (2.1)-(3.19) except (3.4) and 
(3.9) the desired claim follows from the fact that in appropriate co- 
ordinates g(M) consists actually of affine vector fields (see the above 
description of fl(M) for different types). For the exceptional surface 
(3.4) one should make the variable change (2). After that we have 
(see the case Hi — ^11 above): X\ = 2^-, X 2 = — z ~i^-> -^3 = 
lk + X A = z-§- z + 2w 2 ^r 2 + (z + w 3 )^ and thus the homo- 

geneity of (3.4) is provided by an algebra of affine vector fields. For the 
exceptional case (3.9) one should make the variable change z* = e z . 
Then £j(M) looks as follows (see the case Vi— *V above): 

9 v d ^ d d d 

Ai = - , X 2 = , A 3 = Z— + W 2 T{ h W 3 



OW2 OW3 OZ OW2 OW3 

d d d 
X A = iz— + (iz - w 3 )- V{z + W2 



dz dw 2 dw 3 

and hence consists of affine vector fields, as required. □ 
Proof of theorem 1.2'. For each algebra of type I-V except the 
type I algebra with q = 1 we can find some homogeneous surface in 
the list (3.1) - (3.9), for which this algebra is a transitively acting 
algebra (as it follows from section 2), and then to apply theorem 1.2. 
For the type I algebra with q = 1 the necessary realization is given 
in the case I of section 2. For type VI algebras one should just put 
Xi = t^-, X 2 = X 3 = ^ and X A to be a linear vector field with 
the defining matrix C = (%). For a type VIII algebra one should put 
(say, in a neighborhood of the point (0, 1, i) G C 3 ) X, with j = 1,2,3 
to be a linear vector field with a defining matrix from the standard 
basis of the Lie algebra 503(C), and also put X A to be the Euler vector 
field. For a type VII algebra the proof is similar. □ 
Proof of theorem 1.3. Following carefully the above arguments, one 
can see that in cases Ia-Vb any mapping of a germ of a homogeneous 
surface onto itself is actually identical except the mapping a for the 
surfaces of type lb and e for the surfaces of type Ilia. For tube sur- 
faces Vla-VIi each mapping of a germ onto itself must be linear (see 
the arguments above). It is not difficult to see that only the cubic, the 
surfaces VIb for a = —1 and the surface Vli have the desired linear au- 
tomorphism, preserving a fixed point (the affinely homogeneous curves, 
corresponding to tube surfaces Via, can not be extended to the origin 
as affinely homogeneous curves except the case of the cubic). □ 
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Proof of theorem 1.4. As it was mentioned above, any symmetric 
CR-manifold is CR-homogeneous. It follows from theorem 1.3 that 
among the totally non-degenerate homogeneous surfaces (2.1) - (3.19) 
the following ones are symmetric: (2.1), (3.2), (3.5), (3.12) and (3.19), 
the desired involutions s p are as they are presented in theorem 1.3; 
for the cubic one should put A = — 1. The isometry property for s p 
is obvious in cases (2.1), (3.5), (3.12), (3.19). In the case of (3.2) the 
isometry property follows from (6). The symmetry property check in 
all cases is straightforward. For the degenerate surfaces (1.1) - (1.3) 
we note that a CR-manifold of kind M 3 x E 1 , where M 3 C C 2 M2 
is a locally homogeneous surface in C 2 , IR 1 C C^ 3 is a real line, is 
CR-symmetric if and only if M 3 is symmetric. It follows from the 
E.Cartan's classification theorem that among the hypersurfaces from 
his list only the surfaces, corresponding to (2.b) - (2.f), have non-trivial 
stability subgroups, which are of Z 2 -type. The symmetry property 
check for these surfaces, as well as for a hyperplane and a hypersphere 
in C 2 , is straightforward. This completely proves the theorem. □ 
Remark 3.4. It is an amazing consequence of theorem 1.4 that any 
symmetric totally non-degenerate 4-manifold is associated to a second 
order plane curve in the sense that one of the defining equations of the 
manifold can be chosen as an equation of a second order plane curve. 
Remark 3.5. Another possible approach to the description of homo- 
geneous surfaces is to present a list of all possible normal forms (see, for 
example, [11], [T7]). For some cases this approach is actually realized 
in [7]. It would be interesting, taking corollary 1.2 into account, to 
reformulate the Main Theorem in terms of some affine normal forms, 
as it was made, for example, in [TT] for affinely homogeneous hyper- 
surfaces in IR 3 . It would be also interesting to find the specify of the 
normal form for the symmetric surfaces. 
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